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Recently, we investigated Nearly-Linear (NL) models \[[@CR1]\], a relatively simple class of neighbourhood models. In fact, they derive upper and lower probabilities, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{P}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{P}$$\end{document}$ respectively, as linear affine transformations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_0$$\end{document}$ with barriers, to prevent reaching values outside the \[0, 1\] interval. As proven in \[[@CR1]\], some NL models are coherent, while other ones ensure weaker properties. The most important coherent NL models are Vertical Barrier Models (VBM), including several well-known models as special cases, such as the Pari-Mutuel, the Total Variation, the $\documentclass[12pt]{minimal}
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In this paper we explore the behaviour of coherent NL models when conditioning. Precisely, after recalling essential preliminary notions in Sect. [2](#Sec2){ref-type="sec"}, in Sect. [3](#Sec4){ref-type="sec"} the events in the (unconditional) domain of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{P}$$\end{document}$) is 2-monotone (2-alternating) in a coherent NL model, $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{E}$$\end{document}$) is given by easy-to-apply formulae and is 2-monotone (2-alternating) too. An interesting result is that VMBs are *stable* after conditioning: the conditional model after applying the natural extension is still a VBM. We show that this property extends also to the mentioned special VBMs: conditioning each special VBM model returns a special VBM model of the same kind. By contrast, the property does not hold for other NL models. In Sect. [4](#Sec5){ref-type="sec"} we explore the phenomenon of dilation, where, given a partition of events $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\emptyset \}$$\end{document}$. This means that our *a posteriori* evaluations are vaguer than the *a priori* ones. We derive a number of conditions for dilation to occur or not to occur. Section [5](#Sec6){ref-type="sec"} concludes the paper.

Preliminaries {#Sec2}
=============

In this paper we shall be concerned with coherent lower and upper probabilities, both conditional and unconditional. Coherent means in both cases *Williams-coherent* \[[@CR11]\], in the structure-free version studied in \[[@CR6]\]:

Definition 1 {#FPar1}
------------
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A similar definition applies to upper probabilities. However, when considering simultaneously lower and upper probabilities, they will be *conjugate*, i.e.Equation ([1](#Equ1){ref-type=""}) lets us refer to lower (alternatively upper) probabilities only.
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                \begin{document}$$\mathcal {D}$$\end{document}$ is made of unconditional events only, Definition [1](#FPar1){ref-type="sec"} coincides with Walley's coherence \[[@CR10]\]. In general, a (Williams-)coherent $\documentclass[12pt]{minimal}
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In this paper, we shall initially be concerned with *unconditional* lower probabilities ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{P}(\cdot )$$\end{document}$) and their conjugates ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{P}(\cdot )$$\end{document}$).

Coherence implies that \[[@CR10], Sec. 2.7.4\]$$\documentclass[12pt]{minimal}
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2-monotone and 2-alternating coherent imprecise probabilities have some special properties \[[@CR8]--[@CR10]\]. In particular,

Proposition 1 {#FPar2}
-------------
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Nearly-Linear Models {#Sec3}
--------------------

Nearly-Linear models have been defined in \[[@CR1]\], where their basic properties have been investigated.

### Definition 2 {#FPar3}

A *Nearly-Linear Model* is a couple $\documentclass[12pt]{minimal}
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In Eqs. ([5](#Equ5){ref-type=""}), ([6](#Equ6){ref-type=""}), $\documentclass[12pt]{minimal}
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It has been shown in \[[@CR1], Sec. 3.1\] that NL models are partitioned into three subfamilies, with varying consistency properties. Here we focus on the coherent NL models, which are all the models in the VBM subfamily and some of the HBM (to be recalled next), while, within the third subfamily, $\documentclass[12pt]{minimal}
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### Definition 3 {#FPar4}

A *Vertical Barrier Model* (VBM) is a NL model where ([5](#Equ5){ref-type=""}), ([6](#Equ6){ref-type=""}) specialise into $$\documentclass[12pt]{minimal}
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Conditioning Coherent Nearly-Linear Models {#Sec4}
==========================================
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Proposition 3 {#FPar8}
-------------
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-----
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Proposition [3](#FPar8){ref-type="sec"} ensures that:$\documentclass[12pt]{minimal}
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Proposition 4 {#FPar10}
-------------
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Proof {#FPar11}
-----
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For the VBM, it is productive to write $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar12}
-------------
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Proof {#FPar13}
-----

Preliminarily, note that the denominator in ([20](#Equ20){ref-type=""}) is positive. In fact, by assumption $\documentclass[12pt]{minimal}
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Elementary computations ensure that $\documentclass[12pt]{minimal}
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Thus, a coherent HBM differs from a VBM with respect to conditioning on some event *B*, being not stable.

It is interesting to note that not only the VBM, but also its special submodels listed in Sect. [2.1](#Sec3){ref-type="sec"} are stable: conditioning one of them on *B* returns a model of the same kind. Let us illustrate this in some detail.
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Conditioning the *Pari-Mutuel Model* (PMM) on *B* leads to similar conclusions: the conditional model is again of the PMM type.
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Dilation with Coherent Nearly-Linear Models {#Sec5}
===========================================
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We still have to establish whether ([24](#Equ24){ref-type=""}) holds assuming that $\documentclass[12pt]{minimal}
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Proposition 6 {#FPar19}
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(i)If , then(ii)If , then
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-----
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From Proposition [6](#FPar19){ref-type="sec"}, and recalling ([15](#Equ15){ref-type=""}), ([16](#Equ16){ref-type=""}), it follows straightforwardly that
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We can now introduce several results concerning dilation.
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-------------
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-----
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We derive now an interesting sufficient condition for dilation with a VBM, extending an analogous property of a PMM \[[@CR7], Corollary 2\].

Proposition 10 {#FPar26}
--------------
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Note that dilation occurs if event *A* in Proposition [10](#FPar26){ref-type="sec"} is $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

Among coherent NL models, VBMs ensure the property of being stable with conditioning, as also do several known submodels of theirs, such as the PMM. This implies also that results found in \[[@CR5]\] on natural extensions of (unconditional) VBMs to gambles still apply here to conditional gambles *X*\|*B* defined on the conditional partition . By contrast, those HBMs that are coherent are generally not stable, thus these models confirm their weaker properties, in comparison with VBMs, already pointed out, from other perspectives, in \[[@CR1]\]. Concerning dilation of *A* w.r.t. partition $\documentclass[12pt]{minimal}
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On the total variation distance see e.g. \[[@CR3], Sec. 4.1\].
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